We try to use scale-invariance and the large-N limit to construct a non-trivial 4d O(N ) scalar field model with good UV behavior and naturally light scalar excitations. The physical principle is to fix the interactions (not assumed polynomial) at each order in 1/N by requiring the effective action for arbitrary background fields to be scale-invariant, after including quantum effects. We find a line of non-trivial fixed-points in the large N limit, parameterized by a dimensionless coupling. Since part of the interaction potential is canceled by quantum effects, it is not of direct physical interest. Nevertheless, it grows logarithmically slower than a quartic potential for large fields and N . The finite and scale-free effective action for arbitrary backgrounds is obtained in an expansion around constant backgrounds. A relevant mass deformation is considered. The line of fixed points makes it natural to set the mass to zero. Doing so leads to scaling symmetry. The model has phases where O(N ) invariance is either unbroken or spontaneously broken by the scalar vev. Masses of the lightest excitations above the unbroken vacuum are found. Slowly varying quantum fluctuations are incorporated at order 1/N . We find the 1/N correction to the potential, beta function of mass and anomalous dimensions of fields that ensure cancelation of divergences and maintenance of a line of fixed points for constant backgrounds.
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Introduction
We investigate the naturalness concept of 't Hooft [1] applied to four dimensional O(N ) scalar fields. If there are scalar particles very light compared to the Planck mass, it must be due to a symmetry. We observe that a line of non-trivial scale-invariant RG fixed points parameterized by a dimensionless coupling in quantum scalar field theory would be enough to make small masses natural. For, setting masses to zero would buy us symmetry under scale transformations, irrespective of the coupling orh. We try to implement this idea by developing a method due to Rajeev [2] for constructing a fixed point in the large-N limit.
Background and motivations
The 2004 Nobel prize in physics for the discovery of asymptotic freedom in QCD has reminded us about the physical importance of quantum field theories with well-controlled ultraviolet behavior. Indeed, Yang-Mills theories, which have a gaussian high energy fixed point are at the heart of our best models for both the strong and weak interactions. In statistical physics, the nontrivial UV Wilson-Fisher fixed point in 3 dimensional scalar field theory has been quantitatively successful in predicting critical exponents in second order phase transitions [3] .
However, the situation in 4 dimensional massive λφ 4 theory, which is the simplest and currently favored (but experimentally untested) model for W and Z mass generation, is less satisfactory for two reasons. The first, is that λφ 4 theory is based on the gaussian infrared fixed point, but does not flow to any UV fixed point to control the high energy behavior. Perturbatively, the interactions become very strong at a finite (but exponentially large) energy ∼ m exp [
3λ ] where m, λ are the parameters of the theory in the infrared (Landau pole). This is in contrast with asymptotically free theories or theories based on an interacting UV fixed point which might (at least in principle) be defined in the UV. Both numerical [4, 5] and analytical [7, 6] calculations suggest that in the absence of a UV cutoff, the theory is 'trivial' 1 . Unfortunately, the non-trivial Wilson-Fisher fixed point in quartic scalar field theory in 4 − ǫ dimensions merges with the gaussian fixed point in 4d. As a practical matter, the lack of a UV fixed point in λφ 4 theory does not prevent us from using it as an effective theory with a cutoff or as a perturbatively defined model like QED, over a range of relatively low energies.
The second problem with 4d λφ 4 theory, the naturalness problem 2 can be stated as follows 3 . In QED, a small electron mass (compared to the Planck mass) is natural because setting it equal to zero gives the theory an additional symmetry, chiral symmetry, which is not broken by quantum effects. On the other hand, in massive λφ 4 theory, setting m = 0 makes the classical theory free of any dimensional parameter. But scale-invariance is broken in the quantum theory due to the absence of any regularization and renormalization scheme that preserves scaleinvariance, there is a scale anomaly. In the absence of any symmetry to explain a small scalar mass in the quantum theory, naturalness suggests that the lightest scalar excitation, the Higgs particle should have a mass of order the Planck mass. A very large Higgs mass, however, leads to other problems since (perturbative, essentially tree level) unitarity would then be violated [8] . The perturbative unitarity bound from a partial wave analysis of scalar exchange in Wboson scattering is estimated to be of the order of 1 TeV. Moreover, the likely triviality of the continuum theory implies a 'triviality bound' on the Higgs mass, which is also of the same order [9] . There does not seem to be any non-perturbative cure for these problems, they also arise on the lattice [4, 5] and in other analytical approaches [6, 7] . Moreover, 't Hooft has defined the concept of naturalness breakdown mass scale [1] , a scale beyond which a theory is unnatural and estimated that it is a few hundred GeV for the electroweak standard model. Thus the λφ 4 model fails to give us a natural mechanism permitting low mass excitations of scalar fields transforming nontrivially under the electroweak structure group. The scalars must transform as a complex SU (2) doublet to give masses to the W and Z via the Brout-Englert-Higgs mechanism.
Another issue is that the 1-loop correction to the square of the bare Higgs mass is quadratic in the momentum cutoff and leads to the so-called fine-tuning problem. If a large cutoff is to be maintained, either the effective Higgs mass is of the order of the cutoff or the bare mass must be fine-tuned to cancel the radiative correction (at each order). We already mentioned the difficulties with a very large Higgs mass. However, the fine-tuning problem needs to be treated with some care. In a renormalizable quantum field theory (eg. λφ 4 ), the use of a cut off as a regulator is a matter of convenience. The quadratic divergence is absent in dimensional or ζ -function regularization or Epstein-Glazer renormalization. In the end of a calculation, one sends all regulators to their limiting values before making physical conclusions. From this standpoint, a quadratically divergent self energy is not a deficiency of the model.
On the other hand, one may be of the opinion that the quantum field theories of particle physics are to be regarded as effective field theories that come with a physical large momentum cutoff at either the Planck or other scale where new physical effects render the standard model inaccurate. This is similar to ones attitude in some (but not all) condensed matter physics contexts, where the crystal lattice is physical and not merely a convenient regulator. In this view, the principle of renormalizability is expendable. The cut-off is not to be sent to infinity, and the fine tuning problem mentioned above is indeed present.
In QCD or other renormalizable models that are based on a UV fixed point (gaussian or not) to control high energy behavior, there is no need for the 'effective field theory-physical cut off' view point. For, the model self-consistently predicts low energy behavior irrespective of what the physics beyond the standard model may be or at what scale it may kick in. But in models such as λφ 4 , which (despite being perturbatively renormalizable) seem to be non-trivially defined only in the presence of a cut off, the latter viewpoint cannot be ignored. This leads us to an important distinction between the naturalness concept and fine tuning. The former requires any model to have an extra symmetry to explain light scalar masses. On the other hand, fine tuning, is a problem that for its very definition, needs the model to have a physical cut off. Thus, it is potentially an issue for non-renormalizable models or models which need a cut off in order to be non-trivial. In the case of λφ 4 , fine tuning is a byproduct of trying to get non-trivial results from a theory that most likely has a trivial continuum limit.
There is an empirical relation between naturalness and degree of fine tuning. Suppose we were to dogmatically insist on working with a cut-off even though our model may be renormalizable. Suppose further that the model is natural, i.e. gains a symmetry if masses are set to zero. Then it is often the case that radiative corrections are 'protected by the symmetry': self energies are only logarithmically divergent rather than as a power of the cut off. An example is QED. Due to chiral symmetry, the renormalization of the electron mass 2 is not quadratically divergent as one might naively expect, but only logarithmically divergent. In such a situation one typically says that there is no need for any fine tuning.
Our conclusions are (1) it is worth looking for a non-trivial scalar field model whose high energy behavior is controlled by one or more UV fixed points (2) it is worthwhile to look for a symmetry that would ensure naturally light scalar excitations and (3) If (1) and (2) are achieved, it is less important to worry about fine-tuning in the presence of a cut off.
In spite of our conceptual criticisms of λφ 4 theory, as long as a light Higgs particle is discovered, pragmatically it will be possible to use the model to predict scattering amplitudes at relatively low energies. Thus it remains the default mechanism for giving masses to the weak gauge bosons. It may turn out to be an effective description of some more intricate framework devised by nature. Some of the other mechanisms proposed over the years are now mentioned to put our work in context.
There is a mechanism for producing low mass scalars, the Nambu-Goldstone mechanism of broken global symmetries. However, this would not be directly applicable to the scalars of the standard model since Nambu-Goldstone bosons of a broken global symmetry would transform trivially under the gauge symmetry of the weak interactions and have only derivative interactions. Little Higgs models [10] are an attempt to circumvent this problem. They are based on the idea that the Higgs particle may be the Nambu-Goldstone boson of a larger global symmetry that is broken down to the standard model structure group and then gauged.
Another possible mechanism for low mass scalar particles is provided by global supersymmetry, implemented in the minimal supersymmetric standard model (MSSM) [11] . If SUSY were exact, the scalar and its spin 1/2 super-partner would be degenerate in mass. Chiral symmetry ensures a light fermion while SUSY forces the scalar to be light as well. Due to cancelation between fermion and boson loops, and non-renormalization theorems, the scalar mass 2 is not renormalized. Soft SUSY breaking is responsible for breaking the degeneracy in masses. In addition, the Higgs self coupling is determined by the gauge couplings, and the Landau pole of λφ 4 is avoided. SUSY potentially provides a mechanism for light scalar excitations within the minimal framework of perturbative quantum field theory. However, SUSY breaking significantly increases the number of free parameters and gives the MSSM other naturalness/fine-tuning problems.
An idea to use scale invariance in a manner analogous to SUSY and soft SUSY breaking, to ensure a light scalar, was proposed by W. Bardeen [12] .
Models with so-called dynamical electro-weak symmetry breaking such as technicolor [13] replace the scalar field by a composite of fermions. The attractive feature here is historical precedent. Both in BCS theory and QCD, scalar order parameters (Cooper pairs and pions) are realized as fermion composites. Though the simplest technicolor models are phenomenologically disfavored, many alternatives have been proposed.
The Coleman-Weinberg mechanism [14] has been proposed as a way of generating scalar masses via quantum corrections, even if they vanish classically. It has also been suggested that the classical conformal invariance of massless λφ 4 theory be regarded as an explanation of small scalar masses. Of course, this conformal invariance is broken at 1-loop, so this is not a naturalness explanation in the strict sense. Nevertheless, phenomenologically viable models with the Landau pole pushed beyond the Planck mass have been constructed [15] .
Slavnov proposed a scalar field model involving derivatives higher than the second [16] . It does not address the naturalness and UV problems, but seeks to expel a one particle scalar excitation as an asymptotic state from the spectrum.
Richter [17] has criticized the concept of naturalness. However, our definition of naturalness is not quite the same as the one he uses (in particular, a quadratic divergence in mass renormalization is not unnatural by our definition). Moreover, his criticisms seem to have more to do with the large number of parameters in the MSSM, than with naturalness as we understand it. We hope the examples in appendix A will help to improve the dismal score he gives the concept! Experiments will test the electro-weak Standard Model with even greater precision and search for the Higgs in the coming years. One hopes this will add empirical discrimination to discussions on naturalness and electro-weak symmetry-breaking.
Reasoning and summary
Motivated by these considerations, we investigate whether there is any resolution to the difficulties of λφ 4 theory that does not require adding new parameters or new degrees of freedom beyond those of the standard model 4 . In particular, can we construct any interacting scalar field theory in 4 dimensions, which has good UV behavior and supports naturally light scalar excitations? Such a theory should be built around a non-trivial UV fixed point. The precedent for this lies in the Wilson-Fisher non-trivial fixed point of 3 dimensional Euclidean massive λφ 4 theory. In 3 dimensions, the existence of the Wilson-Fisher fixed point can be inferred from perturbation theory (λ → 0), which actually coincides with the loop expansion (h → 0). For, the fixed point merges with the trivial (gaussian or free field) fixed point in the ǫ → 0 limit of the ǫ expansion. Here ǫ = 4 − d and eventually d is set to 3. But these methods do not indicate the presence of any non-trivial fixed point in 4 dimensions. This suggests that if there is any non-trivial fixed point in 4d scalar field theory, one must not look for it in the weak field orh → 0 limits but by some other approximation method.
The choice of the quartic potential m 2 φ 2 + λφ 4 is dictated by perturbative renormalizability. This very restrictive condition ensures that the theory has predictive power once the Higgs mass and vacuum expectation value of the scalar are experimentally determined. However, in view of the resulting theory being unnatural, lacking good UV behavior and most likely trivial, it is perhaps not so audacious to suggest that we should give up the requirement of perturbative renormalizability while still requiring renormalizability in a non-perturbative sense, to ensure predictive power.
We investigate whether there is a scale-invariant interacting 4d O(N ) scalar field theory in the large N limit. The case of interest in particle physics is N = 4, the scalars form a complex
Working with a real 4-tuple (φ 0 , φ 1 , φ 2 , φ 3 ) is more convenient for us. Our approach is inspired by work on Yang-Mills theory, where we have learned that the theory has two different "classical" limits in which quantum fluctuations of some observables are small. Both theh → 0 and N → ∞ limits (holding the other parameter fixed) can be used as starting points for studying the full quantum theory. Might the large N limit be of use in constructing a scale-invariant 4d scalar field theory? This possibility was pointed out by Rajeev [2] . The difficulties of constructing non-trivial fixed points far away from the gaussian fixed point are formidable. To do so, we need a small parameter, which for us is 1/N .
If scale-invariance could be maintained even after including quantum effects, then such a scale-invariant model would define a fixed point. Actually, it will define a line of fixed points 5 parameterized by λ. λ is the dimensionless coupling constant of a λφ 4 -type term which is marginally irrelevant when considered around the gaussian fixed point but whose beta function must vanish when considered around the non-trivial fixed point if scale-invariance is not broken by quantum effects. Roughly, the way we will achieve this, is to pick an action in the large-N limit which is not scale-invariant, so as to cancel the scale anomaly from quantum fluctuations, which are present even at N = ∞. In the spirit of Wilsonian renormalization, we must study the most relevant deformations of the line of fixed points. This corresponds to a mass term. Setting mass to zero should be natural, since we would gain scale-invariance by doing so. We would then investigate whether the model is renormalizable in the 1/N expansion. It would be a bonus if scale-invariance reduces the degree of divergence of self energy in the presence of a cutoff, just as chiral symmetry does in QED. But as a matter of principle, this is not necessary as long as the model is renormalizable and non-trivial when regulators are removed. This line of scale-invariant theories would be UV fixed points with respect to the mass deformation and thus ensure good high energy behavior. Finally we must investigate the low energy behavior as we flow away from one of the UV fixed points along a mass deformation. Though not necessary, it would be remarkable if the low energy behavior were somehow approximated by φ 4 around the gaussian fixed point. So far, this is only a possible scenario. We begin trying to realize it.
Our basic principle is that the action of the theory is to be constructed order by order in the 1/N expansion by requiring that the effective action for arbitrary backgrounds be scaleinvariant. We show that in the large N limit holdingh fixed, there is a one parameter family of scale-invariant 4 dimensional N + 1 component 6 scalar field theories. Their action is
The theory is analyzed by introducing an additional field σ via a Laplace transform so that the action is quadratic in φ i . σ(x) is the Laplace conjugate of the O(N +1) singlet η = φ i φ i N (section 2). The reason to work with σ instead of φ i is that in the large N limit holdingh = 0 fixed, σ has small quantum fluctuations, while φ i continue to have large fluctuations. The functional integral over all but one of the φ i is performed, leaving only b = 
for large |φ| 2 /N (section 3.5). M is a parameter with the dimensions of mass, which sets the scale for logarithms. However, it is not a parameter of the theory, since it is canceled by quantum effects. V (η) is most easily expressed in terms of the Laplace transformed potential W (σ). W (σ) takes the following form in zeta function regularization
5 A line of fixed points has appeared previously in 4d QFT. In N = 4 super Yang-Mills theory, g 2 Y M is believed to parameterize a line of quantum fixed points. In a sense, things are simpler in N = 4 SYM since g 2 Y M = 0 is the trivial fixed point and the line of fixed points may be studied perturbatively. 6 It is convenient to work with N + 1 components φ0, φ1, · · · φN since we will integrate out all but φ0 .
λ is a dimensionless coupling and e is the base of natural logarithms. σ o is a constant background value of the field σ(x). σ o is arbitrary (but not a negative real number), it is not a parameter of the theory. It appears merely because we are studying the theory around a constant background field. The potential depends on the regularization scheme. To relate two schemes we need to shift λ by a finite additive constant (one could also define λ via a scattering amplitude at a particular momentum, in which case there will be no ambiguity). The logarithms in W (σ) have inhomogeneous transformations under dilations. However, a cancelation between these logarithms and similar non-scale-invariant contributions from quantum effects conspire to make the effective action scale-free for arbitraryh when N = ∞. The principle that the effective action be scale-free leaves λ undetermined, and it parameterizes a line of fixed points. For a constant background we do this in cut-off, zeta-function and dimensional regularization (sections 3.1.1, 3.1.2 and appendix B.1). In section 3.2 we determine the effective action for arbitrary backgrounds B(x), Σ(x) via zeta function regularization in an expansion around a constant background Σ o :
In section 3.4 we show it is free of scale anomalies. Here ∆ = −∇ 2 /Σ o and Π(∆) is a specific function determined in appendix C.4. Effective actions in QFT involve proper vertices of all orders and are very complicated, ours is no exception. What is perhaps unusual is that unlike in the zeroth order of the loop expansion of λφ 4 theory, the effective action of our model in the zeroth order of the 1/N expansion already involves vertices of all orders. This merely reflects that in the large-N limit, we have already incorporated all quantum fluctuation of φ 1 · · · φ N .
Next we deform this line of fixed points by adding a mass term −m 2 σ to W (σ), which explicitly breaks scale-invariance. In section 4.1 we determine constant extrema of the large-N effective action and find a phase b = 0, σ = 
The mass of the excitation of the σ field is independent of the coupling constant in the large-N limit. Unfortunately, our methods are inadequate to study the broken phase.
In section 5 we make an attempt to preserve scale-invariance after including quantum fluctuations in σ and b at order 1/N . These are not the first quantum corrections. Some quantum effects were already present at N = ∞, due to fluctuations of φ 1 , · · · , φ N which we integrated out. Determining the effective action at order 1/N is quite complicated, so we make some further approximations in this paper which we hope to relax later. In sec. 5.1.1 we assume that quantum fluctuations are slowly varying and determine the 1/N correction to the fixed point potential, W 0 + 1 N W 1 that ensures the effective action Γ(B = 0, Σ) = Γ 0 + 1 N Γ 1 is finite & scale-invariant for arbitrary background fields Σ(x). But there could be further divergences not canceled by W 1 (Σ), since it is independent of B . In sec. 5.1.2 we drop the assumption B = 0, but assume that background fields are constant and derive a Callan-Symanzik renormalization group equation (RGE) for the effective action in zeta function regularization. Imposing the condition that the β function of λ vanishes and using the previous result for W 1 (Σ) leads to a unique solution for the β -function of the mass and anomalous dimensions of b and σ fields. Within our (drastic) approximations, the model is renormalizable and the line of fixed points is maintained at order 1/N .
Lagrangian and change of field variables
Consider an N + 1 component real scalar field φ i , i = 0, 2, · · · , N in 4 Euclidean space-time dimensions. We require the action to be globally O(N + 1) invariant. The partition function is
The factors of N have been chosen to facilitate a meaningful large N limit. φ 2 is short for
N ) will be determined by the condition that the effective action be scale-invariant after including quantum effects. In order to find the effective action we must do the functional integral. We will find the effective action in an expansion around N = ∞ holdinḡ h fixed. In this limit, the variable η(x) = φ 2 /N has small fluctuations and behaves classically. On the other hand, φ i continue to have large fluctuations. It would seem natural to integrate out φ i and consider the correlation functions of η alone. However, we would lose any ability to study O(N + 1) symmetry breaking. As a compromise, we will integrate out all the φ i except φ 0 . We will study the theory in an expansion around the N = ∞ classical limit, in which η and b = φ 0 / √ N have small fluctuations. We impose η = φ 2 /N via a delta function
the integral over η runs from 0 to ∞ since φ 2 /N ≥ 0 for real φ. Now insert an integral representation for the Dirac delta function
C can be any contour from −i∞ to i∞ since the integrand is entire. Up to an overall constant that cancels from normalized correlations, (5) becomes
We can regard σ as a Lagrange multiplier enforcing the constraint η = φ 2 /N . Though the contour of integration over σ is not the real line, Z is real by construction. We separate
Henceforth [Dφ] does not include φ 0 . Now, we reverse the order of η and σ integrals and observe that the η integral is a Laplace transform at each space-time point x,
Then
The reversal of σ and η integrals makes sense if W (σ) is non-singular along contour C . In particular, if W (σ) has a branch cut running along the negative real axis, C must avoid it. Now we reverse the order of the φ and σ integrals. The φ integral is a gaussian
This integral converges if −∇ 2 +σ has eigenvalues with positive real part. Since −∇ 2 is a positive operator, this is ensured if ℜσ > 0 (though the answer possesses an analytic continuation even to σ with negative real part, as long as it stays off the negative real axis). Thus we get (up to an irrelevant overall constant)
where
Here,
Conversely, V (η) is obtained from W (σ) by an inverse Laplace transform along contour C to the right of all singularities of W (σ)
σ is a dynamical field, it carries space-time derivatives and complicated self interactions. We are interested in correlation functions of the σ and b fields, which are defined as
Positivity of η = φ 2 /N implies that σ(x) is valued on a contour C from the south pole to north pole of the complex plane. σ is not a complex scalar field, rather it is a map from space time to C . On the other hand, the contour of integration for the b field is the real line, it is a real scalar field. Note that σ has dimensions of mass 2 while b has dimensions of mass.
3 Scale-invariance of the effective action at N = ∞
The interaction W (σ) appearing in the action (14) is expanded in inverse powers of N
We are not assuming that W (σ) is analytic at σ = 0, and therefore do not expand it in powers of σ . W (σ) is to be dynamically determined by the principle of scale-invariance. W (σ) must be found order by order in 1/N by requiring that the theory is scale-invariant at each order. Of course, the action S(b, σ) is also expanded in inverse powers of N
W 1,2,3··· must be chosen to cancel scale anomalies coming from fluctuations in b and σ while W 0 is chosen to cancel those from fluctuations in φ 1 · · · φ N . Part of W 0 and all of W 1,2,3··· can be regarded as counter terms.
N andh appear differently in S(b, σ). N → ∞ is a 'classical limit' in which the fields b, σ have small fluctuations and is governed by the 'classical action' S 0 (b, σ).h → 0 is also a classical limit, one in which the original fields φ i have small fluctuations. It is governed by the original action
. These two classical limits potentially capture different features of the full quantum theory for a given W (σ). There is a priori no reason for the two limitsh → 0 and N → ∞ to commute. The termh tr log[−∇ 2 + σ] can be considered a quantum correction to the action in theh → 0 limit. However, the same term is a part of the 'classical' action in the N → ∞ limit.
A theory is scale-invariant if its effective action Γ, which generates all 1PI or proper vertices, is scale-invariant. Such an effective action defines a fixed point of the renormalization group flow. Γ is obtained by averaging over fluctuations in b and σ and is defined implicitly by 7
B(x) and Σ(x) are the background fields while β and ς (pronounced 'varsigma') are the fluctuating fields, b = B + β, σ = Σ + ς . The background fields need not satisfy the classical equations of motion. Γ(B, Σ) is calculated in a series in powers of 1/N holdingh fixed
To zeroth order in 1/N , the effective action
Tr log[−∇ 2 + Σ(x)] in Γ 0 (B, Σ) is divergent in 4 dimensions. We must regulate the theory so that tr log[−∇ 2 + Σ] is finite. Then we must pick W 0 (Σ) (which will depend on the regulator) in such a way that when the regulator is removed, Γ 0 (B, Σ) is not just finite but also scaleinvariant. Similarly, W 1 is determined by the principle that Γ 1 be scale-invariant and so on. Actually, a choice of W (Σ) may only be adequate to ensure finiteness and scale-invariance of Γ(0, Σ), since W is independent of B . So we may have to allow for mass, coupling and wave function renormalization, but these appear only at order 1/N , see section 5.
Effective action for constant σ at N = ∞
Tr log[−∇ 2 + Σ(x)] appearing in the large N effective action Γ 0 (B, Σ) (22) is most easily evaluated for a constant background Σ(x) = Σ o . This is a physically reasonable first approximation if space-time inhomogeneities are small 8 . Σ(x) takes values on the contour C joining −i∞ and i∞. We anticipate needing to pick the contour to avoid the negative real axis, so the constant value Σ o will be a complex number that does not lie on the negative real axis.
Momentum cutoff regularization
In momentum cut-off regularization,
Here the space-time volume is d 4 x = Ω = (2π) 4δ (0) and dΩ 4 = 2π 2 is the 'surface area' of a three sphere of unit radius embedded in 4d Euclidean space. Thus,
We must pick W 0 (Σ) such that the large-N effective action (22) is both finite and scale-invariant when Λ → ∞. In Sec.3.2 we do this for arbitrary Σ, B . Here we get an idea of the answer by requiring that Γ 0 (B, Σ) be scale-invariant for constant Σ = Σ o . To this end, we can pick
This is the 'minimal subtraction' choice. Our principle that Γ 0 (B, Σ o ) be finite and scale-free is ambiguous. We could add to this choice of W 0 (Σ o ), any scale-free finite term of the form λΣ 2 o , where λ is a dimensionless coupling constant. Other terms such as m 2 Σ o or terms proportional to a higher power of Σ o would involve dimensional coupling constants and would explicitly introduce a scale into the theory. The general choice leading to a scale-free effective action is
The ambiguity in our principle means that in the large-N limit, we have not one but a one parameter family of RG fixed points, parameterized by λ. Moreover the addition of m 2 Σ o would correspond to a relevant perturbation of one of these fixed points. The addition of c n Σ n o for n > 2 would correspond to an irrelevant deformation away from a fixed point, since coupling c n has a negative mass dimension. In what follows we will consider the mass deformed theory, where
The corresponding large-N effective action (22) for constant backgrounds
Having found a line of fixed points, are they UV or IR? The answer can depend on which direction away from a fixed point we flow in. In this case, all the above fixed points are UV with respect to the mass deformation. The physical reason for this is that as we go to higher energy scales, the ratio of m to the energy scale will decrease and the renormalization group flow will tend towards the fixed point. Equivalently, under coarse graining, the mass deformation is a relevant perturbation and will grow in importance. Recall that the gaussian fixed point (massless free scalar field theory) in 4 dimensions is a UV fixed point with respect to mass deformations, but IR with respect to the quartic coupling λφ 4 . So far, in our model, the analogue of the quartic coupling, λΣ 2 o is exactly marginal. Note that Σ has a canonical dimension of mass squared, while φ has dimensions of mass.
The presence of a 1-parameter family of UV fixed points in the large-N limit is a godsend. It means that for any values of λ andh, we can set m = 0 and get an extra symmetry, namely scale-invariance. Thus, in this model, the mass parameter can be naturally small (at least in the large-N limit). An interesting question is whether the line of fixed points can be maintained after including effects of quantum fluctuations in σ and b in a 1/N expansion.
Zeta function regularization
We repeat the evaluation of the large-N effective potential by regularizing tr log[−∇ 2 + Σ] via zeta-function regularization. This method directly prescribes a finite part for tr log[−∇ 2 + Σ] in the unregulated limit. The finite part is not scale-invariant. We will pick W 0 (Σ) to cancel this non-scale-invariant quantity, so that Γ 0 (B, Σ) is both scale-invariant and finite. This procedure means we do not need to prescribe how W 0 (Σ) must depend on the regulator, but just its limiting unregulated value. Such a short-cut is not possible in other regularization schemes such as momentum cut-off (section 3.1.1) or dimensional regularization (appendix B.1). For this reason, we will mostly use the zeta-function regularization in the rest of the paper. On the other hand, comparison of different schemes allows us to better understand what is scheme independent. We find that the presence of a one-parameter family of fixed points is scheme independent. Moreover, the finite and scale-invariant effective action obtained in the three schemes are the same up to a finite relabeling of the coupling λ.
To define the finite part of tr log[−∇ 2 + Σ o ] by zeta-function regularization, let
, the space-time volume appears because Σ(x) is homogeneous and we are taking the trace of an operator that is diagonal in momentum space. Then ζ(s) is analytic in the complex s plane for ℜs > 2. By analytic continuation, we get a meromorphic function ζ(s). Away from singularities,
So, if ζ(s) is analytic at s = 0,
Now let us calculate
. (32) ζ(s) has simple poles at s = 1, 2 but is analytic at s = 0, so we use it to define tr log[−∇ 2 +Σ o ]
The answer has a branch cut running along the negative Σ o axis, consistent with our expectation that Σ(x) is valued on a contour that misses the negative real axis. (33) is not scale-free due to the logarithm. The effective action at N = ∞ for constant background fields B, Σ is
We have introduced a factor of M 2 with dimensions of mass 2 to set the scale for the logarithm. The presence of M 2 breaks scale-invariance. As before, the choice of W 0 (σ) that ensures Γ 0 (B, Σ o ) is scale-free (for m = 0) is (signs are chosen for later convenience)
As before, we have added a mass term that explicitly introduces a scale. It is a relevant perturbation away from the line of fixed points parameterized by λ. We will prove in Sec. 
The scale parameter M cancels out and is not present in the effective action, which is scale-free for m = 0. Though W 0 (σ o ) by itself has a branch cut along the negative Σ o axis, Γ 0 (B o , Σ o ) (and therefore S 0 (b o , σ o )) is entire for constant fields. Comparing with section 3.1.1 we see that irrespective of regularization scheme, there is a one parameter family of fixed points parameterized by λ. However, the definition of the coupling depends on regularization scheme,
3.2 N = ∞ effective action expanded around a constant background
In section 3.1 we calculated the N = ∞ effective action ((22)) for constant B, Σ. Now we graduate to non-constant backgrounds. Allowing for arbitrary background fields B(x) is easy, the difficulties lie in non-constant Σ(x). Here we get an expansion for Γ 0 (B, Σ) in powers and derivatives of Σ − Σ o where Σ o is a constant background whose value is not a negative real number or zero. It would be interesting to calculate Γ 0 by complementary approximation methods as well. First, from Appendix C, in zeta function regularization,
This reduces to (33) for constant backgrounds (Σ = Σ o ). The O(Σ−Σ o ) 3 and higher order terms can be obtained by the method of Appendix C. But these higher order terms are scale-invariant. We will show in section 3.4 that the part of tr log[−∇ 2 + Σ(x)] that is not scale-invariant, is restricted to the first three terms on the rhs of (38). Note that ∆ = −∇ 2 /Σ o and
Thus, the effective action at N = ∞ is
In deriving (40) we did not assume Σ is slowly varying but rather that Σ − Σ o is small. In other words, in addition to the large-N limit, we are working in the approximation where the path integral over σ(x) (17) is dominated by field configurations σ(x) that differ from the constant field configuration Σ o by a small amount compared to Σ o . In particular, we are assuming that Σ o = 0. The fact that the large-N effective action is not quadratic when regulators are removed indicates that our theory is not trivial.
3.3 Fixing the interaction at N = ∞ by requiring scale-invariance W 0 (σ) must be chosen so that Γ 0 (B, Σ) in (40) is scale-free. The choice that does the job is
with m = 0. For m = 0 we have a mass deformation. This is the exact W 0 . M sets the scale for logarithms, but cancels out in the N = ∞ effective action
Γ 0 (B, Σ) is now free of all divergences and defines the large-N effective action for background fields Σ whose deviation from a constant Σ o is small. The higher order terms in ς = Σ − Σ o are all finite, scale-free and calculable by the method of appendix C.
Cancelation of scale anomaly
We show that the effective action Γ 0 (B, Σ) in (42) is scale invariant for m = 0 (m = 0 is treated subsequently). Space-time coordinates and fields are rescaled according to their canonical dimensions. M sets the scale for logarithms and explicitly introduces a scale into the theory. To encode this physical fact, M is not rescaled, the same is true of m. We define dilations (scale transformations) as
The generator of infinitesimal dilations δ D is defined as
and may be represented as
We now show that Γ 0 (B, Σ) (22) is invariant under dilations for (not necessarily constant) backgrounds B(x) and Σ(x) if W 0 (Σ) is chosen according to (41) with m = 0. First, 
Now set s = 0 and use the result for ζ(0) calculated in Appendix C.5,
We 
On the other hand, the effective action Γ 0 with a mass term (42) is not scale-invariant. In fact,
Define β m 0 = m. Though Γ 0 is not scale-invariant, it satisfies a 'renormalization group equation'
β m 0 is the 'beta function' of the mass in the large-N limit. It may receive corrections in powers
We could also have a beta function β λ at higher orders in 1/N , but our aim is to ensure that β λ = 0. Let us define a new operator δ 0 , the 'renormalization vector field', which generates renormalization group flow in the large-N limit:
It may also receive corrections:
Back to V (φ) using Legendre transform
The simplest way to describe the interactions of our model in the large N limit is via the finite and scale-invariant effective action Γ 0 (B, Σ) of equation (42). This is the 'classical' action to which physical intuition and approximation methods can be applied. Before turning to its study, we obtain the original potential V (φ 2 /N ) that our choice of W (σ) corresponds to in the large N limit. Note that V (φ 2 /N ) is not the effective potential in the large N limit, that honor goes to Γ 0 (B, Σ) for constant backgrounds. In particular, we should not attach any physical significance to the minima of V (φ 2 /N ). What is more, V (φ 2 /N ) is not scale-free. It requires a parameter to set the scale for its logarithms. However, this mass scale is not a parameter of the theory, since it is canceled by scale anomalies from quantum fluctuations. Moreover, W (σ) is divergent, so V (η) is not strictly defined independent of a regularization scheme. We will find the V (η) that corresponds to W (σ) obtained in zeta function regularization. Having been presented with all these warnings, the reader can skip this section without missing any essential physics. The only reason we include it is that several physicists asked us to, since one is used to thinking in terms of the original potential V (φ 2 /N ) when working perturbatively aroundh = 0. In such an approximation, V (φ 2 /N ) is the effective potential at orderh 0 , and its minima are of physical significance. However, this is not the case when working around N = ∞.
What we learn from this section is that in the large-N limit, for a constant background field σ , V (η) grows like η 2 / log η for large η = φ 2 /N in zeta-function regularization. We begin by recalling that e −N V (η(x)) is the inverse Laplace transform of e −N W (σ(x)) for each x:
C is a contour from −i∞ to i∞ while avoiding the negative real σ axis. Since we determined W (σ) only for N → ∞, it only makes sense to invert the Laplace transform for large N . Here we do this for constant backgrounds, for which we have determined 9 W (σ) exactly in (35):
Putting σ = u + iv for real u and v , the real and imaginary parts of W (σ) + ησ = ϕ + iψ are
We wee that ℜ(W (σ) + ησ) → ∞ as v → ±∞ for any u ≥ 0. So the integrand vanishes along the lines u ± i∞ for any u. Thus, the end points of C can be moved from ±i∞ to ±i∞ + u ± for any real u ± without altering the integral. Simply put, it does not matter along which longitude C leaves the south pole or along which longitude it approaches the north pole.
The general strategy for estimating such integrals is as follows [18] . W (σ) + ησ is in general complex on the contour C . Its imaginary part ψ will lead to a highly oscillatory integral as N → ∞ and make it difficult to estimate. The strategy is to use analyticity of W (σ) + ησ to deform the contour to a (union of) contour(s) along which ℑ(W (σ) + ησ) is constant and other contours where the integrand vanishes. Such contours are called constant phase contours and coincide with the steepest contours, those along which the absolute value of the integrand changes fastest. If C is such a contour (assumed to be a single one for simplicity), then
Now we have eliminated the oscillating phase factor and for large N , the asymptotic behavior of the integral is determined by the local minima of ϕ = ℜ(W (σ) + ση)) along C . Since ϕ diverges at the end points of C , local minima must occur at interior points of C . Moreover, there must be an odd number 1, 3, 5, · · · of such local minima along C . At any one, the directional derivatives of both ϕ and ψ vanish in the direction tangent to the curve. Since ϕ + iψ is analytic, it follows that these local minima of ϕ are saddle points, i.e. ∂ σ (W (σ) + ση) = 0, where two or more steepest curves intersect. Not all saddle points of W (σ) + ση need lie on C and those that don't will not contribute to the asymptotic behavior of the integral.
Suppose σ = σ s (η) is the only saddle point along the constant phase contour C . The integrand attains a local maximum at σ s along C and decays exponentially in either direction away from σ s . The contour can be approximated by a straight line tangent to C at σ s and of length ǫ on either side. ϕ(σ) = ℜ(W + ησ) is approximated by its quadratic Taylor polynomial around σ s , whose linear term vanishes. Now we let ǫ → ∞. ϕ(σ s ) gives the leading contribution while the quadratic term in its Taylor series gives a gaussian integral proportional to
9 Here and in the rest of this section, we should have a parameter M 2 with the dimensions of mass 2 to set the scale for the logarithms. However, this parameter is not physical since it is canceled by scale anomalies from quantum fluctuations. To avoid too much clutter, we will set M = 1 .
If there is more than one saddle point on C , we add up their contributions in this formula for V (η). Moreover, if the saddle point σ s is on the real axis, then ψ(σ s ) = 0 does not contribute.
So our job is to find a convenient constant phase contour and identify the saddle points on it. In practice, we look for saddle points and then a suitable contour. The saddle point condition for W (σ) + ση for given η, m 2 and λ is
Taking imaginary and real parts, it is a pair of transcendental equations (forλ = 1 andh = 1)
The fundamental domain for the arctangent is taken as −π < arctan < π . We must solve for σ = u + iv assuming it is off the negative real axis. Any u > 0 for v = 0 satisfies the first condition (i.e. saddle points can lie on the positive real σ axis), but there are other possibilities. The imaginary part of the saddle point condition is also satisfied along a curve (found numerically) in the u−v plane that encircles the origin and is symmetric under reflections about either axis 10 and lies within the rectangle 11 |u| ≤ e −3/2 , |v| ≤ Since we assumed η − m 2 > m 2 c , the LHS is in particular positive, and there is a unique solution σ s which can be found recursively
whereη = 16π 2 (η − m 2 )/h. Thus, for sufficiently large η − m 2 , there is only a single saddle point σ s . Moreover, we have checked numerically that there is a constant phase (actually zero phase, since ψ(σ s ) = 0) contour that starts at the south pole, passes through σ s and goes to the north pole. For large η − m 2 , the leading approximation for the position of the saddle point is (withλ = 16π 2 √ eλ/h)
The original potential is given by V (η) = W (σ s (η)) + ησ s (η) + O(log N/N ). Using the saddle point equation (59), we simplify this to
For large η − m 2 we get 13
Recalling that η = φ 2 N , we see that up to a multiplicative factor,
for large φ 2 /N and fixed m. Thus, the original potential grows logarithmically slower that a quartic potential in the large-N limit. It would be interesting to find the behavior of V (η) for small η . This requires a careful study of saddle points and constant phase contours for small η . 
Mass of long wavelength small oscillations in unbroken phase
To study oscillations around an extremum of the large-N effective potential, we expand the large-N effective action (42) to quadratic order around a constant background B = B o +β, Σ = Σ o +ς :
We have omitted an additive constant in Γ 0 . Assuming that (B o , Σ o ) is a constant solution of the classical equations of motion (66), the linear terms drop out and we get 
This should be adequate to describe long wavelength oscillations of small amplitude since we have ignored higher derivatives as well as higher powers of the oscillating fields β and ς .
In symmetric phase (S) where O(N + 1) is unbroken, the classical minimum is at
Recall that a field φ with Lagrangian (∇φ) 2 + m 2 φ 2 has as its longest wavelength excitation, a particle of mass m. We deduce that the lightest particle-like excitation of the b field has a mass
and transforms in the fundamental representation of O(N + 1). There are N + 1 such particles degenerate in mass since we could equally well have chosen b = φ i / √ N for any i = 0, · · · N . Small oscillations of σ correspond to a particle of mass
This particle is an O(N + 1) singlet. These are the masses of the lightest particles associated to the longest wave length oscillations of the b and σ fields about the large-N vacuum (S) where O(N + 1) symmetry is unbroken. There could of course be additional heavier particles. Notice that the masses are proportional to m, but inversely proportional to √ λ andh respectively.
Leading 1/N corrections due to fluctuations of b and σ
So far, our analysis was restricted to N = ∞, where fluctuations in b and σ could be ignored. Averaging over fluctuations in b and σ at O(1/N ) will lead to divergences and violations of scaleinvariance. They must be canceled by an appropriate choice of W 1 (σ), possible renormalization of m and λ, and anomalous dimensions of b and σ . However, in order to maintain a line of fixed points, which would make it natural to have small masses, we would like the beta function of λ to vanish. If we are not able to ensure β λ = 0, we would not have naturalness via scale-invariance, but we may still be able to construct a nontrivial scalar field theory. To investigate these issues, we must calculate the effective action at order 1/N : Γ(B, Σ) = Γ 0 (B, Σ) + 1 N Γ 1 (B, Σ). The main technical complication is that Γ 0 (B, Σ) (42), which also plays the role of large-N 'classical' action, when expanded, involves arbitrarily high powers and derivatives of Σ. Recall from (14) that the action of our model is (h = 1 in this section)
The potential 
σ o is a constant field configuration that is not a negative real number. With this choice, the action and effective action expanded around constant σ 0 in the large-N limit are 14 (42)
where Π(−∇ 2 /σ o ) is defined in (155) and we have added a mass term −m 2 σ that explicitly breaks scale-invariance. Thus the action of our theory is
By analogy with the situation for N = ∞ we want to pick W 1 (Σ) so that Γ 1 (B, Σ) is finite 15 and scale-free for m = 0. However, this is most likely not possible since W 1 (Σ) is independent of B and can at best only cancel divergences in Γ 1 (0, Σ). The remaining divergences will have to be canceled via mass and coupling constant renormalization and anomalous dimensions. The latter will modify the generator of RG flow
in such a way that the effective action still satisfies the renormalization group equation δΓ(B, Σ) = 0 at each order. However, to maintain a line of fixed points we will try to impose β λ 1 = 0. Since δ 0 Γ 0 = 0 (52), the RGE for the effective action at order 1/N reads
(78)
∂m and Γ 0 (40) are known, so we must determine δ 1 and Γ 1 .
Calculation of effective action at O(1/N)
Using (20) and doing the gaussian integral at order 1/N we get the change in effective action
Γ ′′ 0 (B, Σ) is the hessian of Γ 0 acting on the 2-component fields
Γ 1 is independent of m even if Γ 0 includes a mass deformation.
W 1 (Σ) for slowly varying quantum fluctuations & arbitrary background Σ(x)
The 1/N correction to the potential, W 1 (Σ) is independent of B(x). To find W 1 (Σ), we calculate Γ 1 for B = 0 and choose W 1 (Σ) to make Γ 1 (0, Σ) finite and scale-free for arbitrary Σ(x). There may be additional divergences and scaling violations in Γ 1 (B, Σ) which must be canceled via mass and wave function renormalization (section 5.1.2). For B = 0, the hessian (80) is diagonal, so
Since Π(−∇ 2 /Σ o ) is complicated (155), we will make the further approximation that quantum fluctuations are slowly varying 16 . Then we may replace Π(−∇ 2 /Σ o ) by its leading behavior for small arguments (ignore higher derivatives) and get
The first term tr log[−∇ 2 + Σ] is identical to what appeared in Γ 0 (22) and was calculated in an expansion around a constant background Σ o in (38). The second term involves only the constants Σ o and λ and can be calculated exactly using zeta function regularization. Let 17
Using (32) we get
so that (notice that λΣ o cannot be a negative real number. So λ = 0 is a singular limit within our approximations)
Thus
The first term violates scale-invariance and will involve a dimensional parameter M as in section 3. The second term also violates scale-invariance and depends on the scale parameter M . So W 1 (Σ) is determined by the condition that it must cancel these scale anomalies. Aside from the second term, we had the same condition for W 0 (Σ) in (40). Thus we conclude, just as in (41), that 18 
RGE for slowly varying fluctuations and constant backgrounds
In section 5.1.1 we found W 1 (Σ(x)) that ensures Γ 1 is finite and scale-free for B = 0. But there could be further divergences which lead to running couplings and anomalous dimensions. We determine β m , γ σ and γ b , while enforcing β λ = 0 for constant backgrounds B o & Σ o . We do this by deriving an RGE for the effective action. We assume quantum fluctuations of σ are slowly varying on the scale of the constant background Σ o , so that
Here
i.e., the characteristic polynomial of AD. We calculate it in zeta-function regularization. Let
s . (91) 18 We could add a finite term λ1Σ 2 to W1 without violating scale invariance. We did this for W0 , but do not for the other Wn , just as we do not add an arbitrary finite counter term λnφ 4 at n -loop order of λφ 4 theory. In a sense, we allow the most general W0 consistent with the symmetries but the remaining ones are the minimal choices that ensure cancelation of divergences and preservation of scale invariance.
The integral over p converges for ℜs > 1 and defines meromorphic ζ(s). To get an explicit formula for ζ(s) we change variables to q = p 2 and define 2c
. (92) Here 2 F 1 (., ., .; z) is the hypergeometric function. ζ(s) is analytic at s = 0 and we define tr log[AD − B 2 o ] = −ζ ′ (0). Then from (79)
A formula for ζ ′ (0) is complicated since it involves derivatives of the hypergeometric function with respect to the first three arguments. But to understand the RGE δ 0 Γ 1 + δ 1 Γ 0 = 0 (78), we only need
Recall from Sec. 3.4 that δ 0 ζ ′ (0) = −2ζ(0). Therefore,
Thus, the renormalization group equation (78) for the effective action becomes
From (36) we know that
Let us parameterize the leading 1/N correction to the renormalization group vector field as
is the beta function 19 of m while γ b,σ (λ, m) are anomalous dimensions. We are explicitly imposing the condition β λ = 0, i.e. that λ remains unrenormalized and we have a line of fixed points. It remains to see whether this is consistent. W 1 (Σ o ), β and γ must satisfy
We already determined W 1 (Σ) in sec. 5.1.1, from it we calculate
19 β and γ may receive corrections at O(1/N 2 ) as part of δ2 , so β m is short for β m 1 etc.
Putting this in (98) we get
This equation must hold for all constant backgrounds B o and Σ o . If our model is not renormalizable (for slowly varying quantum fluctuations at order 1/N ), then there will be no choice of β m , γ b,σ for which it is identically satisfied. Comparing coefficients of monomials in the fields we get the relations
whose unique solution is 20 (notice that β m ∝ m so that m = 0 is preserved by RG flow)
The resulting RG vector field for constant backgrounds and slowly varying fluctuations of σ is
Thus, for constant backgrounds and slowly varying quantum fluctuations of σ , we have a consistent solution of the RGE for which λ remains unrenormalized (β λ = 0). Under these assumptions, our model is renormalizable at order 1/N . This is admittedly only a preliminary analysis of 1/N corrections and it remains to see whether renormalizability and β λ = 0 can be maintained when we account for non-constant backgrounds or rapidly varying quantum fluctuations, perhaps via an expansion in inverse powers of Σ o . If β λ = 0 cannot be maintained, we cannot use scale-invariance to ensure naturally light scalars, but we may still be able to define a renormalizable quantum field theory. We would also like to analyze the phase in which O(N + 1) symmetry is broken, and include Yukawa couplings to fermions. Finally, we wonder whether there might be a dual/holographic description of a scale-invariant 4d scalar field theory via a string theory on a higher dimensional target space, by analogy with the AdS/CFT conjecture.
A Examples of naturalness
By a naturalness explanation for an 'unreasonably small' quantity we mean that the model acquires an additional symmetry when that quantity vanishes [1] . In the absence of such a symmetry, if the quantity is dimensionless, the 'reasonable' or natural value for it is of order 1, and if it has dimensions, its natural value is of the order of the Planck scale in fundamental physics, though there could be some other scale depending on the context. The symmetry used in a naturalness explanation may be either continuous or discrete. Sometimes, it is more convenient to refer to the conservation law that follows from the symmetry. The actual small value of the quantity (if non-zero) is usually related to explicit breaking of the symmetry and can often be treated perturbatively. We give a few examples of naturalness explanations from different branches of physics. It appears that this concept gives a reasonable explanation for several small parameters both in experimentally tested theories and mathematical models. This gives us some confidence to turn things around: if there is an unreasonably small parameter in nature or in a model, then there must be some symmetry, which if exact, would make that parameter vanish. In this way, naturalness can be a useful guide to model building.
(1) Small electron mass compared to Planck mass: If the electron mass were zero QED would gain chiral symmetry. The same applies to muon and tau masses. There is a different chiral symmetry for each of these. Note that this puts no constraint on the ratios of lepton masses. (3) Small coupling constants (eg. fine structure constant) can be explained by the separate conservation laws for particles (such as photons), gained by setting coupling constants to zero.
(4) Some near-degeneracies of energy levels in atomic spectroscopy can be explained as due to the presence of a symmetry. In hydrogen-like atoms, the difference in energy between levels with the same principal and angular momentum quantum numbers n, l but different magnetic quantum number m vanishes if we have spherical symmetry. The small energy difference can be due to a magnetic field whose direction explicitly breaks spherical symmetry.
(5) Naturalness in classical mechanics: The fact that planetary orbits are nearly closed and nearly lie on a plane, are related to the conservation of angular momentum and the LaplaceRunge-Lenz vector in the Kepler problem. Quantum mechanically, in hydrogen-like atoms, the 'accidental degeneracy' of energy levels with the same value of l is due to a hidden SO(4) symmetry whose conserved quantities are angular momentum and Laplace-Runge-Lenz vectors.
(6) Some near-degeneracies in atomic energy levels can be explained as due to parity symmetry. The small splittings are due to parity violation in the weak interactions.
(7) Experimentally, the mass of a photon is less than 10 −16 eV outside a superconductor. This is explained by the exact U (1) gauge symmetry if the photon is massless.
(8) The near degeneracy in the proton-neutron masses (and pion masses) may be explained as a consequence of isospin symmetry. If u and d quarks were degenerate in mass, isospin would be an exact symmetry of the strong interactions and the neutron and proton would be degenerate in mass (as would the three pions). Isospin is explicitly broken by the quark mass difference as well as electromagnetic interactions, which explain the small n−p and π + −π 0 mass differences.
(9) Pions are light due to chiral symmetry. They are the pseudo-goldstone bosons of spontaneously broken chiral symmetry. If the quarks were massless, chiral symmetry would be exact at the level of the lagrangian, and be spontaneously broken to U N f , and the pions would be massless goldstone bosons. But in fact, quarks are not massless, this explicit breaking of chiral symmetry gives the pions a small mass.
(10) Small neutrino masses: Chiral symmetry for each flavor is exact if neutrinos are massless.
(11) Parity is an exact symmetry of QCD in the absence of the topological θ term, which is parity odd. Thus, a small QCD theta angle is natural within the theory of strong interactions.
(12) The scalar field mass in a supersymmetric extension of the standard model can be naturally small since if it were zero, the theory would have unbroken global supersymmetry (when the super partner fermion is also massless, which would be natural due to chiral symmetry).
(13) We may ask why the effective mass (inverse of correlation length) can be unreasonably small in the neighborhood of a continuous or second order phase transition. A naturalness explanation is that at such a transition, when the effective mass vanishes, the system gains a new symmetry, scale-invariance. However, one might argue that a naturalness explanation is not needed here, since the temperature must be fine-tuned in order to have such a phase transition.
(14) Some linear combinations of correlations in large-N multi-matrix models vanish because of the presence of hidden non-anomalous symmetries [19] .
(15) It has been suggested [20] that a discrete symmetry that relates real-valued space-time coordinates to pure-imaginary ones could ensure a naturally small cosmological constant.
(16) The amplitudes for gluon scattering either with the same helicity or with only one gluon with a different helicity from the others, vanishes at tree level in Yang-Mills theory. A naturalness explanation for this has been suggested, using an effective tree-level supersymmetry [21] . This is an example of naturalness in classical field theory.
(17) GIM mechanism and suppression of flavor-changing neutral currents (FCNC) [17] : The small quantity here is the ∆s = 1 strangeness changing neutral current compared to the ∆s = 0 neutral current. The GIM mechanism eliminates ∆s = 1 FCNC at tree level by introducing a new quark doublet participating in the weak interactions, consisting of charm and the Cabibbo rotated strange quark. This is not a naturalness explanation, but could be turned into one by specifying a symmetry which ensures absence of FCNC.
B The effective action
We begin with the generating series for (possibly disconnected) correlations for a scalar field φ
The generating series of connected correlations W (J) is
The effective action Γ(Φ) is the generating series of proper vertices (one particle irreducible diagrams). It is the Legendre transform of W (J)
The solution of the classical theory (tree diagrams) defined by the effective action Γ is equivalent to a solution of the quantum theory of the original action S . Once the effective action is determined, we have reduced a quantum field theory to a classical field theory. An implicit integral representation for Γ(Φ) is
Here Φ is the background field and φ is the fluctuating field. Note that Φ need not solve the classical equations of motion, i.e. S ′ (Φ) need not be zero. To obtain this integral representation we start from the relation of W (J) to Γ(Φ)
The extremum occurs at J = − δΓ(Φ)
δΦ . With J and Φ related this way, the effective action is
Exponentiating after multiplying by − 
Changing variables of integration to φ = χ − Φ we get
Here J = J(Φ) = − δΓ(Φ) δΦ so we finally get the desired implicit formula for the effective action
We can get an asymptotic series 21 for Γ(Φ) in powers ofh. To orderh 0 they are equal
Corrections can be obtained recursively using (107). The first quantum correction gives
where we have omitted an additive constant in Γ(Φ). To prove this assertion, we begin with the implicit representation 21 We useh to organize quantum corrections here. The same formulae hold withh replaced by 1/N . and re-scale the variable of integration (fluctuating field)φ = √h φ. This is to make explicit that higher powers of the fluctuating field are suppressed by powers ofh. We get
where A(h) is a constant which we will ignore henceforth. Now expand S in powers of φ.
Since Γ(Φ) = S(Φ) + O(h), the integrand can be simplified
Thus 
Expanding in a Laurent series around n = 4 dimensions,
Nowh tr log[−∇ 2 + Σ o ] =hΩT n . So integrating with respect to Σ o ,
Integration constant c is independent of Σ o and plays no role since it only contributes an additive constant to the effective potential. γ = .577 is Euler's constant. We have a pole part, finite part and terms that vanish as n → 4. Notice that the finite part that transforms inhomogeneously under scale transformationsh
is the same as in cutoff or zeta-function regularization. The choice of W 0 that makes the effective action finite and scale-free in the limit n → 4 is
The finite and scale-free effective action for constant backgrounds is thus
We get a line of fixed points parameterized by λ, whose definition is scheme dependent
C Expansion of tr log[−∇ 2 + σ] in powers and derivatives of σ
C.1 Zeta function in terms of the heat kernel
Let A = −∇ 2 + σ(x) and define ζ A (s) = tr A −s . Then tr log A = ζ ′ (0). We can get an integral representation for ζ A (s) by making a change of variable t → At in the formula for the Euler Gamma function
Now define the evolution operatorĥ t = e −tA which satisfies a generalized heat equation
with initial condition lim t→0 +ĥ t = 1. It is convenient to work with the kernel of the operator h t , the heat kernelĥ
which satisfies
Then the zeta-function is the Mellin transform of the trace of the heat kernel:
To find h t (x, x) we need to solve (129). We find h t (x, y) and take x → y in the end.
C.2 The heat kernel for constant σ = σ o
For σ = 0, h t (x, y) satisfies the diffusion equation and the solution is
For constant (not necessarily real) σ = σ o (129) is a PDE with constant coefficients. We solve it by Fourier analysis to get .
To see this, let
Then the (129) becomes
The solution in momentum space satisfying the initial condition lim t→0 +h o t (k) = 1 is 
To do the gaussian integral over k complete the square by changing variables to 
C.3 Short time expansion for heat kernel
For non-constant σ we get an expansion for the heat kernel in derivatives and powers of σ for small t. We assume that the non-analytic part of the heat kernel is already captured by the exact solution (132). We let σ = σ o + ς(x) and make the ansatz h t (x, y) = h o t (x, y) ∞ n=0 a n (x, y)t n = e −σot e −(x−y) 2 /4t (4πt) 2 ∞ n=0 a n (x, y)t n .
The average value of ς need not vanish. However, we assume that ∇ς(x) → 0 as |x| → ∞ so that the average value of derivatives of ς and its powers vanish dx (∇ 2 ) p ς q (x) = 0, p, q = 1, 2, 3 . . .
For (138) to satisfy the initial condition (129), we need a 0 = 1. If σ is a constant, a i = δ 0,i . In (138), we could absorb e −σot into the infinite series since it is analytic in t, but that would amount to throwing away an exact result, so let us not do it. Moreover, the e −σot factor makes the Mellin transform (130) of the heat kernel convergent for ℜσ o > 0, which is necessary to recover ζ A (s).
The coefficients a n (x, y) are to be obtained by putting (138) into the heat equation (129) and comparing coefficients of common powers of t. We need the expressions
n a n t n−1
We put these into the heat equation (129) ∂h o t ∂t ∞ 0 a n t n + h o t ∞ 1 n a n t n−1 = ∇ 2 h o t ∞ 0 a n t n + 2∇ i h o t ∞ 0 t n ∇ i a n 
Now
So the heat equation becomes
Comparing coefficients of t n we get a relation that determines a n+1 given a n with the initial condition a 0 = 1 (x − y) i + n + 1 a n+1 (x, y) = (∇ 2 − ς)a n (x, y)
Now only a n (x, x) appear in ζ(s), so we specialize to a n+1 (x, x) = 1 (n + 1) (∇ 2 − ς)a n (x, x)
The first few a n (x, x) are
To summarize, the heat kernel expansion is
If we drop cubic and higher powers of ς , then the a n are a 0 = 1
For ζ A (s) we need a n = d 4 xa n (x, x)/ d 4 x. Assuming ς → constant as |x| → ∞ and ∇ς → 0 at ∞ we get (up to terms involving cubic and higher powers of ς ),
More generally, a n = 
Differentiating and setting s = 0 we get
Inserting expressions for a n from (150), we get a formula for tr log[−∇ 2 + σ] = −ζ ′ (0). ς(∇ 2 ) n−2 ς n(n − 1)(n − 2)(σ o ) n−2 + O(ς 3 )
The sum over powers of ∇ 2 can be performed. Let ∆ = − Here σ(x) = σ o + ς(x), Ω is the volume of space-time and Π(∆) is defined above. This formula is valid for small deviations of σ from a constant background σ o . The term proportional to ς vanishes if σ o is the average value of σ . No assumption on σ being slowly varying has been made. However, we have assumed that ς approaches a constant value as |x| → ∞ and that ∇ς → 0 as |x| → ∞.
Remark: If σ is slowly varying, then we ignore terms with more than two derivatives to get
where σ = σ o + ς and σ o is a constant.
C.5 Scale anomaly ζ(0) for arbitrary backgrounds
Though we only got an asymptotic series for ζ ′ (0) around a constant background, we can get an exact closed form expression for its scale anomaly. Under a scale transformation σ → a 2 σ , 
Since all higher order terms are proportional to s, only a 0 , a 1 and a 2 contribute to ζ(0):
